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FOREWORD

This report was prepared under Air Force Contract No. AF 08(635)-17183,
(U) "Theory of High Speed Impact). The work was administered under the
direction of APGC (PGTWR). The project engineer was Dr. T. D. Riney.

The assistance of Mr. P. R. Chernoff of the General Electric Co, in the
preparation of this report is gratefully acknowledged. He contributed to the
numerical analysis and, also, programed the difference equations for machine
caloulations,



ABSTRACT

An explicit finite difference formulation of the equations governing the
one-dimensional visco-plastic model was presented in the Second Quarterly
Report. The scheme has been programed on the IBM 7090 and exploratory cal-
culations made for several values of the parameters o (viscosity factor), v
(vield stress) and vo (impact velocity). Excellent results are obtained for cer-
tain ranges of the parameters; these results are discussed in detail, For larger
values of ji and v,,, however, the restriction on the size of At is very severe,

A stability analysis is performed which explains this requirement.

To circumvent this difficulty the governing equations are recast in an
implicit finite difference scheme which is only valid for gy > o, but which is then
unconditionally stable., The method is described in detail and a flow chart is
given for the machine program which is currently being written.

Catalog cards with abstracts may be
found at the dack of this publication
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LIST OF SYMBOLS

dynamic yield value of shear stress
material constant, “0-1 called mobility coefficient

impact velocity

mass density of undisturbed visco-plastic medium
density of visco-plastic medium

Bingham-Oldroyd number

Reynold's number

time

particle label in Lagrangian coordinates

Eulerian coordinate in one dimensional flow

velocity of flow in one dimensional Eulerian formulation
delta denotes incremecnt of quantity

thermodynamic pressure

specific internal energy of medium

specific volume

equation of state

strain-rate dependent viscosity coefficient

von Mises flow statistic

value of quantity at time station n, space station j
constant with dimensions of length

constant determining magnitude of artificial viscosity
artificial viscosity term .
real viscosity term
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speed of sound in visco-plastic medium
speed of sound in undisturbed medium

k-th approximation of quantity at time n, position j.
number of iterations performed

position station chosen to be in front of disturbance
first variation of quantity

coefficients in Fourier representations

quantity defined in (A-16)

quantity defined in (A-16)

quantity defined in (A-16)

quantity defined in (A-16)

quantity defined in (A-16)

quantity defined in (A-16)

amplification matrix

eigenvalues of amplification matrix
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LIST OF ILLUSTRATIONS

Calculated pressure profile (a=1.5, Ax=0,1, At=0,05) compared
with the Rankine-Hugoniot solution

Calculated and Rankine-Hugoniot values of the shock velocity
relative to the interface

Pulse velocities at various times compared with asymptotic
values

Pulse velocities at various times compared with asymptotic
values

Typical plot of von Mises flow statistic at various positions
of the disturbance

Illustration of impact situation showing (a) center of mass
coordinates, (b) Eulerian space - mesh points

Tabular display of initial and boundary data for implicit
difference scheme

Flow chart depicting the sequence of calculations in the
implicit difference scheme
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INTRODUCTION

In the First Quarterly Report (Ref. 1) a mathematical model was proposed
for the study of hypervelocity impact which takes into account the effects of
material viscosity and dynamic yield strength. In this formulation the material
is considered rigid if stressed below its flow point, whereas the material acts
like a Newtonian viscous liquid when stressed above this value,

In the Second Quarterly Report (Ref. 2) dimensionless parameters were
found which control the relative importance of the inertial, viscous and strength
terms in the governing partial differential equations. Both the viscosity factor
Ko and the dynamic yield stress v appear in these parameters. Since definitive
data is not available for either of these quantities a proposal was made that
exploratory calculations be performed using a one-dimensional model in which
the values of uy and tq are varied over several orders of magnitude. For this
purpose the governing equations were written in one-dimensional Lagrangian
form and then recast in finite difference form in preparation for the exploratory
calculations. In this scheme the dependent variables at time (n + 1) At are ex-
pressed explicitly in terms of their values at time nAt,

The present report opens with a description of some of the results of the
calculations made on the IBM 7090. Very good results are obtained for certain
ranges of the parameters uy, 7o and impact velocity vo. For larger values of
Ko and vg, however, the calculations do not converge but oscillate with increas-
ing amplitude as n increases. A stability analysis is given which shows that
this effect results from the inclusion of the viscosity which causes the usual
restrict&on on the ratio At/Ax to be replaced by a restriction on the ratio on
At/(Ax)“. This conclusion is verified by the preliminary calculations. To cir-
cumvent this difficulty the governing equations are written in one-dimensional
Eulerian form and then recast in a finite scheme which is only valid when p,>0,
but which is then unconditionally stable. Here the dependent variables enter
implicitly so that an iterative procedure is necessary in proceeding from time
nto time n + 1. The method is described in detail and a flow chart is given for
the calculations.

GENERAL REMARKS

(a) Choice of Parameters

In choosing trial values for u, our starting point has been the values quoted
by Perzyna (Ref. 3). On the basis of the results of internal energy measure-
ments by Kolsky (Ref. 4) he computes the approximate values!

IThe gram-centimeter-microsecond system is used throughout this report.

Manuacript Released
12 October 1961
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microsec"l.

Steel: p,=0.8gm cm™
Copper: po =0.4gm em™! microsec™!,

Our calculations have all been for iron and u, is assumed to be within a factor
of ten of 0. 8.

1

For mild steel Reiner (Ref. 5) quotes the static yield stress to be approxi-
mately
2

To = 1072 gm cm™! microsec. ™%,

i.e. ten kilobars. For our calculations it is the dynamic yield stress that is
pertinent. The above value is assumed to be the lowest value likely, and 7, is
varied up to one hundred times as large, i.e. one megabar.

The various combinations of assumptions for u,, t, and impact velocity,
Vo are dicplayed in Table I. The choices of v, (= 0.5, 4, 7.5 cm/microsec)
represent th¢ 2xtremes and mean of the meteoroid velocity range. The values
of the dimen. nless parameters B, and Ry are also listed for each combination
of yy» Tos Vo. They are seen to vary widely with the choice of combinations.

(b) Description of the Flow

If the two impacting bodies are perfect fluids, shocks are produced which
propagate at a constant velocity and the jump discontinuities across the shocks
remain fixed. With viscosity present energy is being dissipated and it might
be expected that the disturbance would be attenuated as it propagates. In the
case of one-dimensional impact between semi-infinite bodies, however, the
dissipation effect is counteracted. Here there is an infinite reservoir of energy,
a steady state obtains in which the rate of increase of internal energy behind
the disturbance just equals the kinetic energy of the medium entering the dis-
turbance. Consequently, the shape, magnitude and vel,gcity of the disturbance
(or "pressure pulse') does not change as it propagates. These characteristics
of the steady-state disturbance, however, are affected by the values of the
parameters pu,, T, and v,.

The viscosity coefficient and von Mises flow rule are (Ref. 2, p. 12)

,;8“°+/33_.1 _Pg-—rl—

P |0q
i

* Some time, of course, is required for a stable profile to be
established.



Enumeration of parameter combination

microsecond system. p =7.8 gm/cm”, Ds

a is chosen as 1.5,

4 =°1. 5 ox.

5 consid

TABLE I

ered for iron-iron impact.

The units are in the gram-centimeter-
In computing the required net size for the explicit scheme,

No. Parameters Bingham No. Reynolds No. Stability Criteria Net Size
_D -~ _Dopv 2 Ax=0.1
v, T Ho Bo- ) Ro-__so_g_ At/ (Ax)" | Ot/ Ax At
uOVO L‘0‘

1 0.5 o o, - - 3.06 0. 60 6.0 x 107

2 0.5 0 8x107) 0 4.88 x 10 2.70 2,7 "

3 0.5 0 8x10 0 4. 88 -1 1.38 L4 o

4 0.5 0 8 0 4, 88 x 10 0,23 2.3 %100 |

5 0.5 1072 0 = - 3.06 | 0.60 6.0x 102

6 0.5 1075 8x107] 2.5x107, 4,88 x 10 2.70 2,7 "

7 0.5 107 8x10 2.5x105 4.88 -1 1,38 Le " g

8 0.5 1077 8 2.5 x 10 4.88 x 10 0.23 2.3x10 ;|

] 0.5 To_, o, ® ) 3.06 | 0.60 6.0 x 10

10 0.5 107, 8x107] 2.5 0 4,88 x 10 2.70 2.7 "
11 0.5 107, 8x10 2.5x10_, 4.88 - 1.38 Le " g
12 0.5 10 8 2.5 x 10 4.88 x 10 0.23 2.3x 107,
13 0.5 1 0 ., = w 3. 06 0. 60 6.0 x 10
14 0.5 1 8x10_) 2.5x 10 4.88 x 10 2.70 2.7 ¢

15 0.5 1 8x10 2.5 n 4.88 1 1.38 L4 " o
16 0.5 1 8 2.5 x10 4. 88 x 10 0.23 2.3 x 10

17 4 0 o, - ® 0. 21 0. 44 2.1 "
18 4 0 8x107) 0 4.88 x 10 0.21 2.1 "

19 4 0 8x10 ( 4.88 -1 0.18 L8 " _,
20 4 0, 8 0 4. 88 x 10 0.085 8.5x10 . |
21 4 10 o ® 2 » 0.21 0. 44 2.1x10
22 4 1075 8x10]] 3.13 x 1073 4.88 x 10 0.21 2.1 "
23 4 1070 8x10 3.13x10_, 4.88 1 0.18 -
24 4 107 8 3.13 x 10 4. 88 x 10 0. 085 8.5 x 10",
25 4 107, o, © -1 ® 0.21 0. 44 2.1x10
26 4 107 8x107) 3.13x10, 4.88 x 10 0.21 2.1 "
27 4 107, 8x10 3.13x10 5 4.88 -1 0.18 [
28 4 10 8 3.13x10 4.88 x 10 0.085 8.5x10_;
29 Y ] 0, ) = 0. 21 0. 44 2.1 x10
30 4 1 8xl07} 3.13 - 4.88 x 10 0.21 2.1
31 4 1 8x10 3.13x10_, 4.88 -1 0.18 L8 " _,
32 4 1 8 3.13x10 4,88 x 10 0.085 8.5 x 10
33 7.5 0 L - ® 0.093 0. 40 L P L
34 7.5 0 8x 10:l 0 4.88 x 10 0.092 9.2 "
35 .5 0 8x10 0 4.88 - 0.086 8.6 "
36 .5 0, 8 0 4,88 x 10 0.051 5.1 "
37 7.5 10, 0o, ® -2 ® 0.093 0. 40 9.3
38 7.5 10 5 8x107) 1.67 x 103 4.88 x 10 0.092 9.2 "
39 7.5 107, 8x10 1.67 x10_, 4.88 -1 0.086 8.6 "
40 7.5 _107) 8 1.67 x 10 4.88 x 10 0.051 5.1
41 7.5 10, o © B = 0.093 0. 40 9.3 "
42 7.5 107 8x107) 1,67 x10_, 4.88 x 10 0.092 | 9.2 "
43 7.5 107 8x10 1.67 x 10y 4.88 ) 0.086 8.6 "
44 7.5 10 8 1. 67 x 10 4.88 x 10 0.051 5.1 "
45 7.5 1 o, = ) 0.093 0. 40 9.3 "
46 7.5 1 8x107) 1. 67 -1 4.88 x 10 0.092 9,2 "
47 7.5 1 8x10 1.67 x10_, 4.88 0.086 8.6 "
48 7.5 1 8 1,67 x 10 4.88 x 10 0.051 5.1 "

K
s



2> 2 2_4 2p°,0q,2
T T TR :'2(";)
and hence 0
2. 2 4 P 13a], 4 2,p 992

In front of the disturbance 9q/dx=0, in the disturbance dq/9dx< 0 and, finally,
94q/9x drops back to zero after thg disturbance passes. Consequently,

12> 152 in the disturbance, but ¥ drops to ro“ after it passes. This means,
in terms of our visco-plastic model, that there is flow only in that part of the
medium through which the disturbance is currently passing; it again becomes
rigid behind the disturbance.

EXPLICIT DIFFERENCE SCHEME

(a) Stability Criteria.

In the Second Quarterly Report a trial stability criterion was suggested
for the finite difference scheme presented there. It was deduced by analogy
from a criterion derived for the perfect fluid equations. In performing pre-
liminary machine calculations the trial criterion was found to fail for the higher
values of the impact velocity and viscosity parameters. Therefore, this phe-
nomenon had to be investigated more thoroughly. In the Appendix the stability
analysis is presented in some detail; the essential results are contained in
(A-22) and (A-24).

To apply criterion (A-22) we recall that

av. | 0q
o9t P, Ox

and approximate 8q/0x by-v,/2Ax. Here v,/2 represents the velocity of the
interface as calculated from the Rankine-Hugoniot conditions (Ref. 2 eq. 64),
In our calculations we have chosenf=a Ax, a = 1.5, so that the criterion re-
duces to

2
M al < Po ¥
(Ax)? -g-,u.o+4.5 Po Vo AX




The value for V = 1/p should be taken from the Hugoniot curve for the particular
material (Ref. 2, Fig. 4).

Now, if we are away from the shock p > Q +V % To and condition (A-24)
becomes roughly

Af

% E T

The adiabatic sound speed c is equal to 2

C'V\/.__._ _%|=Co POV

Consequently, in regions other than those ccntaining a shock,

2) At < /P V (g =0)
Ax B c2

is the approximate stability criterion. This is the tentative requirement for
stability suggested in the Second Quarterly Report (Ref. 2, eq. 66).

If (vo/2)>c a shock will occur in the impacting materials and crlterlon (1)
must be applied even when ug = 0. In the case of iron, for example, ¢ = ¥0.5 cm/
microsec. and, consequently, criterion (2) holds when v, = 0.5, while at impact
velocities 4 and 7.5 criterion (1) obtains. The stability criteria have been cal-
culated for each of the parameter combinations considered. The results are listed
in Table [ along with the corresponding value of At for the choice Ax = 0.1 cm.

The above conclusions have been substantiated by a number of machine cal-
culations, the results are displayed in Table II. It is seen that the calculeted
requirement onAt is a conservative estimate in each case. It may be expected
that the theoretical stability criterion is close to the required condition for all the

In an adiabatic process dU +p dV = 0. Since p =g (V, U) we may write
dp =dvdg/dV +du dg/dvu. Ehmmatlon of dU between the two yields
dp = (0g/dV - pdg/du) dV = V2 (pdg/d1 - dg/dV) dp, whence

e = dp/dp = V2 (pdg/ 3 u-9g/aV).

R R
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TABLE II -

Summary of preliminary runs testing stability of explicit difference scheme
applied to iron-iron impact. a = 1.5, £ =1.54%, 4x=0.1,

NO. NET SIZE | RESULT
Theory Trial
1 - 0.06 | 0.100 Unstable
" " 0.050 Stable
" | " 0.065 Stable
2 0.027 0.05 | Stable
3 | 0.014 0.02 Stable
4 | 0.0023 | 0.005 | Unstable
" r 0.0025 : Unstable
" " 0.002 Stable
13 | 0.06 0.05 Stable
17 0.0021 0.05 Unstable
" " 0.025 Unstable
" " 0.01 Unstable
" " 0.005 Stable
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parameter combinations. For the most severe case, At =5.1x 10-4, this

means that approximately 10, 000 cycles are required for a 5 microsec. run, If
70 space mesh points are required this means 700, 000 point calculations which
would require approximately 1.4 hours on the IBM 7090. An inordinate amount of
machine time might therefore be needed to complete the desired production runs.
An alternate implicit difference scheme is therefore proposed for those parameter
combinations with larger uo and vy valves. Before turning to this, however, let
us first examine the results of the calculations which have already been made
using the explicit scheme.

(b) Results of Calculations

To check the accuracy of the program the calculations for case No. 1
(vo=10.5, 7.=0, Ho= 0) have been examined in detail. / The pressure profiles
at various time intervals are depicted in Fig. 1. Since v, = 4, = 0 the Rankine-
Hugoniot solution holds and, for comparison, these exact pressure values and
shock positions are shown at t = 1 and 5 microsec. It is seen that the shock is
better approximated with increasing time, but only 2 to 3 microsec. are required
for sufficient accuracy.

The other calculated dependent variables may also be compared with the
corresponding Rankine-Hugoniot values for case No. 1:

% U P q
HUGONIOT 0.08730 0.03125 1.565 0.2500
CALCULATED 0.0867 0.027 1.54 0.25

The calculated quantities represent mean values about which there are small
oscillations at the various space mesh points behind the disturbance. The largest
percentage discrepancy is in the specific internal energy.

The location where p is half its maximum value 1s considered to be the shock
position. At each time cycle this criterion is used to compute the shock velocity
in that time increment. In Fig. 2 the calculated shock velocities (relative to the
interface) for case No. 1 are shown. As these are found to oscillate widely, an
average shock velocity is computed according to the formula:

Position of Shock - Position of Interface
Time

Shock Velocity =



It is seen in Fig. 2 that the shock velocity computed in this fashion converges
more rapidly and more smoothly to the Rankine-Hugoniot solution. The ratio of
this value to the true shock velocity for various times is given by

Time (microsec.) 1 2 3 4 5
Ratio 1.100 1.034 1.015 1.005 0.999

In Figs. 3, 4 the disturbance (pulse) velocities calculated in this manner are depicted
as a function of time. Each is seen to be tending smoothly towards an asymptotic
value represented by a dashed line. The value of the asymptote was computed
under the rough assumption that the rate of approach at corresponding intervals
is the same when |uo| + |%|#0 as it was for Case 1, i.e., the ratios displayed
above for the perfect fluid calculations are employed in estimating all the asymp-
totic values.

In Fig. 5 the value of r2 is shown at various time intervals for a typical
parameter combination (No. 14). It is seen that at each instant r2 > 7,2 only in a
small region which represents the current position of the disturbance. It is only
in this moving region of disturbance that the medium behaves as a viscous liquid.

A summary of all the caiculations which have been performed are presented
in Table III.

TABLE III

Summary of exploratory calculations made with the explicit difference
scheme., a =1,5, 4 x=0,1cm, 0t= 0.05 sec. Values represent
averages between the interface and the position of the disturbance after
5 microseconds, The units are in the gram-centimeter-microsecond
system.

No. Toro - 3;5 p U=*:(- 1/p) p/pg Di;t;z;:ai:;e
=&=——-‘#& = ==
1 0 |0 [1.538]0.0265 0.0868 | 1.466 0.547
2 0 | 008{1.550{0.0293] 0.0871 | 1.461 0. 549
9 a1} o 1,567}0.0327} 0,0876 | 1.452 0. 560
10 Q1) 0.08{1,555{0,0324{ 0.0877 | 1,450 0,562
14 { L0{QO08!1,737(0,0681] 0.0897 | 1,418 0.661




IMPLICIT DIFFERENCE SCHEME

In this section an alternate computational scheme is outlined which is devised
to reduce the machine time required for those parameter combinations with large
poand vy values, It is an implicit scheme based on the Eulerian formulation,
whereas the original scheme is explicit and is based on the Lagrangian formula-
tion. The new scheme is only valid for impact between bodies of identical inaterial
with pu.#o. Therefore it does not supersede the explicit scheme, but serves as a
desirable complement.

The procedure has been adopted upon the suggestion of Dr. Herbert Keller,
Institute of Mathematical Sciences, New York University. In treating similar sys-
tems of equations, Dr. Keller has found the implicit scheme to be unconditionally
stable. Thus, no restriction on At and Ax is involved, only the desired accuracy
need be considered in choosing the increment sizes.

(a) Difference Equations

Since the two impacting bodies are identical the phenomena are symmetric
about the center of mass coordinates (Fig. 6). The calculations will be made only
for bogy 2 where the fixed space coordinates are denoted by j =0, 1, 2,... There
9q/0220 and, consequently, the Eulerian formulations of the governing equations,
equations (10) through (21) of Ref. 2, reduce to

ap d(pq)
— 4+ =

(3) ot dz
dq . dq _ | dp 4  9%q
@ 5t 7["0:*3“0_{2]
(5) QU U I 9q |_ 4 ,0q /@
-—t+q—;:;az[p+3ﬂb£‘ 3 To]
(6) p=f(p,U)

A centered difference scheme is used to provide more accuracy. To illus-
trate the process the details will be carried out for equation (3). The scheme is
centered at point » =jA®, t = (n + 1/2) At as shown

”
!
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ri1=-=-— iy
n+1 } H— O points used in (3), (5)
I |
§ : At | | ® points used in (4) .
I I
2 n 1 L \Lf (L j X denotes center point
Az - —_— T
i-1 j i+1
————
DISTANCE

in the sketch. Equation (3) is replaced by

n+1 n n+1 n
1 JP TP -
3 i-1 i-1 j+1 j+1
At At
+1 +
("7 = (pa) 2" (@™ —(pa)®
+ 1 i+1 j-1 j+1 ji-1
2 =0
2Az 24z

Similar centered schemes may be written for (4) and (5). Upon simplification
the system becomes

Pn+1+Pn+1=Pn +Pn
j-1 j+1 j=1 j+1
(7) n+1 n n+1 n
o | I [T R 7 -‘
j-1 j-1 j+1 j+1d]
g
10 ]

SN, SO



il

| +1 + +1 ‘
n+l n 1At(n +qj)[n 1 n n 1]‘

Y Y *FE, RCEL R SPRL
1 At 1 +1 +1
®) =§K.T{[P?+1 RERS PR
Py +'°3

8 n+l n+l n+l n n,. n ‘
*3ar [qj+1 2q) T *q_3tYy,g - 2qj“’j-1]}

AT S I

=1 7Ti+1

1At [ n+1_ n+1 i+l +1 -
+8Ka—[q3—1 %41t q +1+q ] [U?+1—U?-1+U.;1*1 ‘U;l-l]
9)
n+l n+l. n n
_At 3@1 ‘1]-1“‘3+1'qj— Y.
As n+1 + n+1+ + 3 %
Pj-1TPj41 P]+1 Pj-l

1[ n+1 _n+1 n 2“o[n+1 n+1
2[pj 1+pj+1+pj+1+pj-1] +q1-0»1 qj ]}

The required pressure values are computed from (6) according to

n+l _ n+1 +1
pj_l-f(pj_l, U;l_l)
n+1 _ n+1 n+1
P,1° f(Pj+1' Uj+1)

(10)

p;l+1 = f(”;‘+1’ U?+1)

p;’1-1 = f(“’;1—1' U;l-1)

11



(b) Initial and Symmetry Conditions

The initial, n = 0, values of the dependent variables p, q, U, p are all known
from the Rankine-Hungoniot equations (Fig. 7). To determine their values at all
other time intervals a method of computing the values at time n + 1 from those
known at time n must be made available. Aniteration technique will be devised
for this purpose. - The following relations, which follow from the symmetry of the
problem, will be utilized:

(11) Pn= n | qn =‘-Q? (hence qg =0)

(c) Iteration Procedure

To start the iteration let

(12) ~n+1 _ qn §n+1 - Un
i (o) i i (0) j
, . n+1l n+1 "
be zero-order approximations to qj and U j respectively. Then the
first-order approximations are calculated in the following sequence:3

. n+l ~n+1 ~n+ 1
(a-1) Substitute q; =q i (0) into (7) and calculate P (1) from the

resulting two-term recurrence relation (n + 1 fixed, j varied):
Pn+1+pn+1=Pn +pn +lg.[Pfl 1 <l_‘n+ +(Pq)n
j-1(1)  j+1a) j-1  j+1° 2 Az L j-1(1) j-1(0) j=1

(13)

éi_ ~n+1 ~n+1 ( n
Az [Pj+1(1) clj+1‘(o)+ Pq)j+1]

N =

3 This procedure is adopted upon the suggestion of Dr, Herbert Keller, Institute of

Mathmetical Sciences, New York University.

12
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Several methods of performing the calculations are discussed below in section (d).

(b-1) To obtain a trial value for p2 * *1use (10) with pB* 1 -3 *1 and
Un +1 -0 +1, i ) ] 1)

J J(0)

(14) ~n+l_c/~n+l n+1l
0=l Hi)

(c-1) To obtain a first-order approxlmation for U2 +

n+1 n+1l ~n+ 1 +1
pj replaced by'a (o)’ 1(1) ’ j(1') respectively:

n+ n+l n n
U, -nm T [Ui-l *Ui+l:|

use (9) with qer 1. ﬁ?+ 1.

1 At n+l n+l n+l n+l n
t3 Az [‘dj-,(o, + T+ (0 +q1+|+q,-]|:ﬁj+nn ﬁ; l(|)+Uj+| ;-l]

~n+ | _~n+| n n
At i+ ~95-100 T 947 95— _2\/5
(15) Al ~ND+| + ~ﬂ+| + + n 3
Pi<tn ¥ Pj+1n ”,+| Pj-y L

i l~ntl ~n*| n + n
“z (P T Piernt Pin T Py

2 P [Nt n+l n n
Y32 [3j+|(o)'a’j-l(o)"'qpn'qj-n]}

As with p, we have here a two-term linear recurrence relation for U j (“ Its
solution is also discussed in section (d).

(d-1) A first-order approximation for p * is now computed from (10) with

n+l ~Ntl and LNt Nt
Pj = Piwm U 'Uj )
(16) ~nt : ~Nti ~l"|"'|
Bin = (B Tjm)

13
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n+l
(e-1) To calculate a first-order approximation for q.  use (8) with

n+l ~ N+ ntl _~ntl n+|
Pj = Pj(l)’pj -pj“) andreplaceqj

for q 09/0z by § jn (o) . The latter substitution linearizes the equation for
n+l
'a‘ () » giving

an+l _n 1At (~n+1_  n [~n+1 _~n+1 n _n
%G "%y *s z(qj<0>+qj) 954100 "9 -1(0)*%+1 qj—l]
‘ _1At 1 an+l _~n+l n _.n
an "28z~n+1 __n {[pj+1(1) Picim *Pj+1 pj-]]‘
P 1 +p.
i)
8 Ko [~n+1 ~n+l  ~n+l n n.. . n 7
3 e 8o Gl 4 - “‘1-1]}

This is a three-term linear recurrence relation for ?1';1 Zli (n + 1 fixed, j varied);
a method of solution is discussed below in section (e).

The second-order approximations are calculated by merely repeating the

iteration process: (a-2), (b-2),...,(e-2). The resulting equations differ from the
corresponding equations of the first iteration only in that the subscripts (1), (2)
replace the subscripts (0), (1) respectively.

In general, to proceed from the k-order approximation to the (k+1) - order
approximation we go through the above iteration process (with subscripts (0), (1)
replaced by k and k+1 respectively). The process is repeated until a resonable

convegance criterion is satisfied. Usually, only a few cycles are required in
such schemes.

Assume that it has been decided that K iterations are sufficient. Then set

M+l _—n+l n+1_~n+l
iy “YeY Uik ? CPim,

n+l n+l n+l1 —n+1
P =F =

14
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and proceed to the n+2 time step. A flow chart describing the numerical proce-
dure is given in Fig. 8.

(d) Two-Term Recurrence Relations

It is a consequence of the symmetry relations (11) that when j=0 the two-term
recurrence relation (a-1) simplifies and yields the explicit formula

1-1 At &

18) ~n+1l _ n 2 Az 1
Pi1ay “P1 1.1 B8t a+1
2 8z 91 (0

Now (a-1) may be used to compute ;1'1:11) at all the odd j space-mesh points:
j(1)
~n+1 14t _-n+1 ]  ~n+1 1At n+1
Pi+2q) [1 ‘28z q1+2(0)] *Pya [1 23z 9 (1)]

(19)

=P?+2 [1 -%%—; q?+ 2]+P? [1+%%q;l]

Thus, set j =1 and comww'ﬁg';;‘) in terms of';'lll"('ll). get j = 8 and compute

~n+1l ~n+1
Ps ) in terms of P3 (1)’ etc.

The 75;1 :1} at even j are determined by the continuity of p
large j, p;H . Po (the density of the undisturbed medium, which has not yet been

reached by the shock wave). Let J denote such a large even integer at time
t=m+1) At. Then '}3 ;11) = Po and the recursion formula is used to calculate

~n+1l n+1l

from right to left. Thus, s:i i =J -2 and compvu’;ef?l J-2Q) in terms of 7 1)

set) =J —4 and compute 5 _y ) interms of 5; 7, ), ete.

for sufficiently

A suitable value for J may be found by first making the calculations for the odd
valued mesh points until'}';l (+1)1 has decreased to the value p o This value is then
taken to be J -1, This left-to-right-to-left technique is depicted in the sketch.

— Calculate Odd Stations X
j=0 1 2 3 4 J-4 J-3 J-273-1 7
+—k ——e \/\ -~
Calculate Even Stations o -—
15
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Alternatively, the choice for J may be made from a knowledge of the propaga-
tion velocity of the disturbance. Then the calculations for both the odd and the
even stations may be performed from right-to-left. The advantage of this proce-
dure is that (18) may then be reserved to check the calculations,

The remarks made f.bove are also applicable to the two-term linear recur-
rence relation for T + Here the symmetry relations together with (15), with

j=0, yield the explicit equation

~n+1+
el _ g, At 31 TN —ﬁr
1(1) 1 Azp~n+1 +Pn 3 o
1 1 F

(20)
"'% [3111;11')'*91] % [ﬁr(t)) “IH}

By replacing the word "'density" by "specific internal energy" the remainder of
the discussion on solving the recurrence relation also carries over,

(e) Three-Term Recurrence Relation

Relation (17) may be rewritten in the form

~n+ 1 ~D + 1 n+l _
@ NG0B Yg C%am D

where Aj, Bj, Cj, Dj are known quantities:

4u Ot 1 |
A, =="0
j 3 2 n+1 ‘
A vz
(22) Bj=1+2Aj Cj=Aj

RO S

s
A
¢,
5
P

16




o _1At (~n+1 n ‘sl + 1 ~n + 1 n
Dy =aj - §A: (4" (g + ) ["41+1<0) %-10) “1+1“‘?-]
1At 1
+ :‘—-_- n+1l n+1l n n
(22) L AT {ﬁ’juu) LRETRE FR R

8 o n
*3 Bz [qj+1'2q?+q?- 1]}

A method for solving such a three-term linear recurrence relation which is
particularly suitable for machine calculations is taken from Richtmyer (Ref. 6,

p. 101).
The required inequalities A,>0, By»0, C,>0an, Bj>Aj s to be
satisfied. The only other requirement il that q be spec loft and

right hand boundaries of the space mesh, j=0 and'j=J:

(23) Ty =0 7 }‘(“1} =-v /2

17



CONCLUSIONS ’

Preliminary runs with the program utilizing the explicit difference scheme
have shown that excellent results may be obtained provided the parameters po #
and v, are not too large. The stability analysis provides estimates, depicted in §
Table I, which will serve as a guide in the choice of At for the production runs
to be made on the IBM 7090 at Eglin Air Force Base. The stack of IBM cards
for this program are being transmitted along with this report.

The programing of the complementary implicit difference scheme will be
completed. When finalized, it will be sent to Eglin where production runs will
be made for those parameter combinations with large u, and v, values. The
two programs should permit the one~-dimensional computations for the entire
range of impact parameters desired.

Simultaneously, a finite difference scheme for the visco-plastic equations
will be sought for the case of the axisymmetric impact problem. It had been
anticipated that the particle-in-cell method developed by Harlow (Ref. 7) for
a perfect fluid could be extended to our visco-plastic equations. Some effort
was spent in this direction but has currently been suspended. The method is
similar to the one-dimensjonal explicit scheme in that an "artificial viscosity"
is introduced and it is explicit. Stability problems can therefore bg expected
when viscosity is included. An alternative method by Kolsky (Ref. 8) may be
extended, but it has given best results when the flow is nearly spherical.

It may therefore be expedient to decompose the problem into two parts
as suggested by the study of the governing equations detailed in the S8econd
Quarterly Report:

1) An initial stage in which only the inertial terms of the governing visco-
plastic model are retained. The medium is then a perfect fluid and the
particle-in-cell method applies.

2) A secondary flow problem in which the flow has smoothed out to a nearly
spherical pattern. Here Kolsky's method should yield good results.

The feasibility of such a decomposition will be studied and a continued effort
will be made to devise a computational method valid during the entire cratering
process.

18
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APPENDIX :

The explicit difference equations are given by (36) through (42) of the

Second Quarterly Report. They are as follows: -
n+tl n At n n n n
4 Ty "o ax (S e12 512 * Farrz 12t Sarsz =S5 - 2 ]
n+l _ VP At [n+1 n+1]
j+i/2” Tj+l/2 pr 41
§1+1 -_8 _u_o‘ 1 [Vn+1 -V ]
j+1/2 34t untl . on j+1/2  “j+l/2d
j+1/2 " j+l/2
ntl  _ .on n+l n n n+l n+l
i+1/2 = Yje1/2 I i+1/2 Vj+1/2][pj+1/2+Q +1/2 YSj+1/2
(A-1)
4 n+l n
“¥3 % [Vj+1/2 - Vj+1/2]
2
Qn+1 - 2(po Y 1 n+l v ]
j+1/2 (Aﬂz vn-!-l + VP [ j+1/2 j+l/2
j+l/2 = Tj+l/2
n+l n+l n+l
Piy1/2 © (Vj+1/2 ’ Uj+1/2)

where we have eliminated X from (36) and (38) to obtain the second equation
and the equation of state is rewritten as p = f(‘V'l, U) = g(V,U). Here i is a

parameter with dimension of length which essentially determines the magnitude
of the pseudo-viscosity.

The analysis of the stability of this system follows the method outlined by
Richtmyer (Reference 6). The equations of firrt variation of (A-1) will be
obtained in which quantities of the second and higher order are dropped.

This will give us linear equations for the first order variations 4, vV, $, 0, 4
p (the dot does ot indicate time derivatives) in which the zero order quantities
appear as coefficients. The equations obtained are

e o TR
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, n+l At
f 4 =4 - +$

n n
. j "o Bx [”j+1/z 15i-1/z bj+1/z bj 1/2 +1/2'sj-1/2]

n+l r n+1 n+l
j+1/2‘ J+1/2 pr[ +1 Q ]

n+l 4 M 1 rontl
sj+1/2 E'Z't"'\?[vjn/z J+1/zJ

+1 -n s né+l :
(A-2) U;l_,_llz J+1/2 69+Q+S+E TO) v_‘|+1/2 J+1/2]

(e, L)
n+l _ ‘
°j+1/z' 2v o2 ) [j+l/2 j+1/2]
2
2(p4) +  n
MY [vjn+1/z j+1/2:l

n+l _ +1 % +1
l!’j+1/?- av vju+1/z {'Snu/z

The zero order quantities are considered constants and, consequently,
superscripts and subscripts denoting net points are omitted from them.

The first order quantities are assumed to have the Fourier representations

q’.”f-ZA: o ir."=ZB:
" ) x
(a3 g8o) R ok y <L)
)k
ara) ER p?=ZF: ok
Tk b x
. where x = jAx. The von Neuman stability criterion is, essentially, that thc

coefficients AR, ..., F® remain bounded as the calculations proceed from
t=nAt to t=(nt+l)At, t=(n+2)At, etc. To investigate this substitute
representations (A-3) into (A-2) and set like harmonics equal to sero to
obtain the relations

2l

e T

R it
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(A-4) A‘;” = A% - At (F; FED + c:)
n+l n . n+l
(A-5)  B_'= B +igst A
(A-6) oMl _ 4o "o rgntl g _]
k 3 V t [ k
‘ | n+1 Do 47 n+l _
(A-T) Dy ( +QFS + ) [B k]
(o, ) 2(p, L) 2
n+l n+l vV n+l n
(A-8)  E = - sz ( ) B, +By It vir 3% (2" -8, ]
n+l _a_g_ n+l ag ntl
(A-9)  F =35v B *3U Dk
where
_ 2 sin(k Ax/2)
(A-10) B= A x
o
Relations (A-5), (A-6) may be combined to yield
U
n 4 "o n
Cu=-37 1B4A
This may be substituted into (A-4) to obtain
n+l _ . - n
(A-11) &= (1-3— SzAt) A% -ipot [Ek+Fk ]
If (A-11) is substituted into (A-§) the result is
ntl __n . 4“02 2r.n n
(A-12)  B}" =Bl +ipat ( 38 At) A"+ 8%(at) [n.]’ +Ey ]

Now (A-12) may be used to eliminate B:+l

(A-13) -

D

n+l _

5 (s o ) e

k
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from (A-7) and (A-8) with the results

4“‘0

2
1-3 =878

A

) A + Bz(At)z( v ] -
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2
n+l (pol')

ﬁ ES = - -2—v—z— (%:f) [zsﬁnsm (1 -% -:%’ szAt)A’l:+ Bz(At)z(E:+F:)]
(A-14) 2(p 02

v e (-5 0ta) K fen(Egen]) ]

Finally, substitution of (A-12), (A-14) into (A-9) yields

n+l_ 3g fun,. 4 M 2.\ 0 2 4
rtle 3B {Bp+isae(1-5 P 880 s ePan®(E] 4 b)) } 4
(A-15) ‘

+SE (o (pros o 1)fisoe(i-55 Fud A Aan’(Ep e}

R S PO

Upon introduction of the notations
2 sin (kix/2) 4 Mo 2
f= o Bx v=1-3vBAt
°
3 25 .2 *
- = Sg 2% §
(A-16) A= p+Q+S +J: o 6= 3V A 30 :
2 !
e= = C .(_p‘ﬁ v
2V 2t vV at i
the relations (A-11) through (A-15) may be written in the matrix form g
a-177 ! s oy® 4
where A
- . P
n An-0-1
Ay k
n n+l
Bk ‘ Bk
Yn - Dlx: Yn-l»l - D:H T’ :
n ntl
Fn ‘Fn+1 f
k k :
L -

23



and the "amplification matrix', which depends on Mo and T is given by

"y , 0 0 -ipdt -iBAt 7
igyat 1 o F? gé(at)®

(A-18) G= | -ipyAst o 1 -fasn)’ -82n(at)?
iveoei-e) -2 0 P’ -9 Foen®(E -
| ivest B 2 g%’ Fo(at)

Now, expansion of the determinant IG - XII and setting the result ‘equal
to zero shows that the eigenvalues, ), of G satisfy the equation

M
(a-19)  2(-1) {(x-l)z-(x-l) SzAt[éAt + C(2-¢bt) -% <]+ BZ(At)z(ZeC-b)} 0

If £ = constant and At/(Ax)z = O(1) as At, Ax =0, then ﬁZAt = O(1) and the
secular equation reduces to

2, .2 2 4 Mo
(A-20)  A°(r-1) {x-l-s f2¢-3 7 ]- O(At)}
Thus, the von Neuman requirement for stability

(A-21) , )\ml < 1+ 0 (at)

is satisfied provided

2
2 2 Ho (po") v
uls v Ixl] =1
where we have used the fact that 3V/3t < 0. The inequality will hold provided
2
At o v

(A-22) <
2 8 23V
(8x) 3u0+4(p°l«) lat

It may be noted from (A-22) that in the limit as the viscosity tends to
zero the stability criterion reduces to

(a-23) 5 s —r = 0)
(Ax) 41 l-a—t-l

which is the value given by Richtmyer (Ref. 6, p. 220) for this case.
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In the case Mo = 0 it is also possible to derive a stability criterion from (A-19)
and (A-21) under the condition that £ = a Ax, wherea is some constant, instead
of holding £ constant. Then the restriction is found to be relaxed to

Po

At
w2 B R s )

Criterion (A-23) holds in the region of the shock, and criterion (A-24) is valid
in regions away from the shock. Iz-lowever, if true viscosity is present ( # 0)
then we must always have At/(Ax)“ = O(1) for stability; if At/Ax = O(1) one of
the eigenvalues goes to infinity. This results since in this case the u_ term
in (A-19) does not have a factor of order (A x) but of order unity.
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o () o o'*-Po Po

U 0 v, 2/8 vo2/8 0
p 0 v, 2d/4 v 2d/4 0

Here d is determined by the relation (Ref. 2, eq. 63)
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Fig. 7 Tabular display of initial and boundary data for implicit
difference scheme.
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33

s e AR fan s e T W~

e erelued oA e mms o nees A




| o £ R Y

—

APGC-TN-61-43

O NN = NN = (W W -~

INITIAL DISTRIBUTION

NASA

OAR (RROSA)
ASD(ASOR)
AEC(Tech Info Serv)
US Nav Rsch Lab
US Nav Ord Lab
ASD(ASRMDS-21)
BSD(BSRVE)
SSD(SSRTA-1)
Ballistic Rsch Lab

ASTIA(TIPCR)

APGC

3 ASQW

2 PGAPI

3 PGEH
20 PGWR

Page 34 of 34 pages




s

QILIISSYVTONN QILIISSVIOND
*uantam Bureq Apuazand st ydorym wreiBoad surydews Iyl 10y uaail sr 1IEgD ruajyram Sureq A[IUaaand st yrym weiloxd sutydews ayl 10j uIAS st JaeYd>
MO[J © pPU® [LEIIP Ul PIQLIDSIP #F POIaW ay]l -d[qels A[[euonIpuodun MOy ® puv [TW13p Ul PIQIII$9P St poaw IYL ‘I[qeys A[[euorIpuodun
uayl #Y YoTYM ING ‘0 <Ml 0] PIIRA A[UO ST YOTYM FWIYIS IDUIIIJITP uayy ot YIym Ing ‘0 <4 30j PIEA ATuo 1 YOTWA FWAYDS IDUIIIIP
ey 31dwry ue ur 1sed91 21w suonenba Burniarcl ayy AynoyjIp sup 2310y 3ropdwt ue ut 38ed22 aw suonenba Buruzaaod aypy Lynoyyp ewp
JUSAWINDITD O “Judwartnbax sy sureldx? Yorym paussojiad s sisijeur UAWNII oL “Judusaanbaz sy suterdxa yd>tym pawzoyrad st swsd[eue
A111qeis ¥ *919A38 AXaa STV JO I3Z18 YT UO UONIILIISII IR ‘IIAamoy A(IqeIs ¥ *313a28 AI2A 9117 JO IXIS IR UO UOTIDNIINIL I ‘IIAIMOY
% pue %4 jo sones 1981l J0g [TVIIP UT PasSSNOSIP I N[NeII FeIYyy ‘Or pue %d jo sangeA 12B1e] 204 °TTRIIP UT PIESNISIP IIe SINSII IEIP
{s19jowered sy3 Jo saBuel ureli9d Joj PIUTEIGO I ) NEII JUI[[IIXH ‘s19jawered 3y Jo 82FuEs UTLIIID IOJ PIUTRIQO IIT SIINSIT JUI|[IIXT
*(A3190734 3>edurt) OA pue (ssa1ys praik) O:*(2019% Ayisoosw) O “(K3rd012Aa 39wdwig) Oa pue (882138 pya1k) O: ‘(x019%; Ajtsodsta) O
g13jowered IYY jo SIN[EA [RIIAIS IO IpW suonenaTed L1ojeaoidxs puw s133auwresed 3q) JO SSN[RA [RIIAIS IO} IpewW sUOREIMITEd Arojelordxd puw
0602 WHI 3% wo pawrurexfoxd usaq sey swdyde Yy °3ioday A[aazend 0602 WEL p uo paururesfoxd uaaq sey Jwayds YL “320dIY Ax231enD
PUOdIS Iy} uy pIIuassid sem [spows duserd. 179 § w PuOd3g 33 Ut paiuasaid sem [pows duserd-odeta | ¥
sapPnIeg 1A 2y, Buruzaaod suonienbs Iyl JO UONETNWIIO] IDUIINP TP UG IPTdX? Uy sapduied CIA a3 Suruzaaod suonenba Iy JOo UOMTINUWIO] IIVIZIJFIP WY uaosmkv uy
weduyg A edwy A
0986 3foxg Al 120dax paygreserdun {€¥-19-NL 0986 wafo1rg Al 120daa payissedun (ev»-19-NL
€121-{5€9)80 dvy wexU0D TN -29dV) (€121-(5£9)80 IV "ON 30ex1u0D) (0986 03{0ad DSAV) (96L-¥12 €1L1-(SE9)R0 AV Denuod I -2DdV) (£1L1-(5€9)80 dV "ON 1>eLU0D) (0986 133l02d ISIV) (96L-¥12
084V “oN 893 (IASW) 831qel pu® snjjt [2ur & ¢  *{961 29q0Id0 ‘*Aury ‘gl . J8av soN ‘82 JASW) sa1q®1 pue snqit 12ur d ¢ "[96[ 19q0IdQ ‘AIury ‘AL
‘133u9) punoan Futmoid Iy ‘I Aq 3z0day Azo1rend paryl TAAOW DILSVTIJ-ODSIA TVNOISNINIQ ‘333u9) pumosd Sutoid 1y I 4q 110day Ap2212enD pIvyL TIAOW IILSVTd -OISIA TYNOISNINIA
‘a-y ‘Aeurg 7 -ENO JO NOILVOILSAANI TVOIYIWNN vlusajhsuuayg ‘ersonig ‘q-L ‘Aeurny T -INO JO NOILVOLLSTANI TYINMINAN PrueA[Asuudd ‘erssnig
sa1ndefoad fyworeazadiy °r 3o Bury ‘Azojesoqe] saduatdg avedg ‘Auedwor d111091F [eIdusn satndsfozd Lardoraazadiy v jo Bury ‘A101vaoqe] $dUIDS Ideds ‘Auedwon D1X30IT TRIFUID
AILIISSYIINA av QITIISSVIONN av
QIALJISSVTIONN QILJIISSVTONN
-usnitim Butaq Ap3ussind 81 yorym werSoxd supydews ayy 10§ usatd st arwyd uslitam Suraq Anpuszand st wyym wesBoad suryoews 3yl 20] UIATH sy 3TV
MOY} ® PUR [Ie13p Ul PIQIIDEIP S1 poyiaws ayl -I[qess A[euonuipuodumn 4O0Y) ® PUT [}VIIP U PIQLIDISIP ST POAW YL  “IIqws A[[euonrpuodun
uayl #T YITym Ing ‘0<Or I0J PIreA ATUO ST YITYM FWIYDE 2DUIIIFIP sy $T YOTYM Inq ‘0<%l Zoj PI[EA A[uo $1 YOIYmM JUIAYIS IDUIIFTP
911uy jidrdusy ue uy 3Ol Iae suonenba Suruiaaod 3y AymoyyP s a1tuy roydwy ue ur 3ewdax 1e suonenba Juruadaod sy Kynoyjp TRE
JUIAWNIA 0] Jusiusaimbaz sy suyerdxa Yoprm pawsojiad st siskjeuw 112 oL “wawdmbax syyy surerdxs Yoym pawrzoyzad sy siedrene
fIM1qe18 ¥ *312498 AIIA ST 3V JO ITIS I UO UOHITIISIL I3 'IIAmMOYy AINIQRIS V913428 AIIA 97 IV JO ITIS I UO UOHIDIIINIL I ‘XIAIMOY
‘A pue °d jo sanyea 1981e] J04 ‘[TEIVP UL PISINISTP IIE NNSII INIYY ‘O pue °d Jo sanfea 1381e 104 [TWIIP U PISEINIEIP 1T BINEII 28I\
‘g13j3owrered 3y Jo saBuel ureldad Xof PAUTRIGO I NI JUI[[IONT te133dureswd aqy jo saBues uTEILID 105 PINTHIQO ITE NINSIX JUI[[3oxF
-(f1120134a 1edwt) %A pue (82138 P1A) O (30307 A31sodetA) O “(A1p20134 1>wduwiy) ®a pue (swaxis pratk) O: ‘(x010e5 Lirsods1a) O
sx9i9urered IYF JO SAN[EA [BIFAIS I0] Ipw sUORIE[NOTRI Arotexoldxa pue s1ajaweied Y} JO SIN[RA [€IIAIS I0] IPPW SUONENO[Ed Ax0jeso1dx?d pue
0602 WHI 3 wo pawurezfozd usaq seq awIYds Yy -3x0day Arxaizend 060, WAl oy uo paurarezBoad usaq swy awayss aqL -1xodey L1zazzenp
P S Y3 ut P ad ses Topow: dSuseid 1790 ¢ 1 PUOIIG IY UL PIUIeaxd sem [apoUr dnse(d-0dS1A JRUOISUIWITP -ITO
sapPnIEg CIA ay3 Suruiasod suonenbs I3yl yo uoneE[NWIIO} IDUIIIJFIP AITUY :u-—&NQ uy saponled CIA a3 Suruisacs suonenbe ay; Jo uoRTINWIO) IPUIIIFIP NUY IITdXI Uy
3oedwy A pedwy A
0986 122foxd "Al 110daz pagsseOUn (E¥-19<NL 0986 1d3foxd Al 110dax paygissepdun (€¥-19-NL
c121-(s€9)g0 IV eUOD X -20dV) (6121-{6£9)80 AV ‘ON 19e1u0D) {0986 03(02d DSIV) (962-¥12 £121-(5€9)80 AV eauod I -20dV) (E1L1-($€9)80 AV "ON 19®13u0D) (0986 193{0Id DSIV) (96L-¥12
o84y *oN 32 QASW) 9219w pue enqpt (dur d g€ 1961 19q0I0 ‘Aeuty ‘gL jol-X § 4 *oN ‘33 QASWI) se1aw pue anpit durd B¢ "196( 12qo1dQ ‘Asuryd AL
‘133ua) punorn Sumoid 11y ‘I £q 1270deY Arze3xend patyl TIAOW DILSVId-OISIA TVNOISNINWIA ‘133u3) punoan Buwmoid ItV °II 4Aq 130day Arxaizend panL TIAONW DILSVId -OOSIA TVNOISNIWIQ
‘a1l ‘Asury T ~ANO 30 NOILVOILSTANI TVOIHIAWNN ®iueajisuusg ‘eissnxyg QL ‘Asutry Y ~ANO JO NOILVODILSTANI TVOININNN eiuesfisuudg ‘erssnig
sa(udafoad f1vojeazadiy 1 jo Sury ‘LI0iei0qET s2dUsIOg ddedg ‘Aurdwion 3111I[F TeIFUID satuoaford kytdoraaxadAy °[ yo fury ‘Az0ieroqe] saduatdg adeds ‘AuedwioD d111931F [EIsuad)
aILIISSYTIINA av A3 [JISSVTOINN av
B . . .
M . .o i Mo & G SR e i ¥




R TRIT M MeRTe o e o " A R 3 RSP Y g & S R el e
dILIISSYIONN AILIISSYIONN
ﬁ.
‘ualiram Buraq Apuaains st yorym weaBoad aurydews 3y 10j uaatd st Jxeyd *uanitam Sutaq Apuaxand sy yorym weaBoad suryowiu a3 105 uIAlB s§ JIEY>
MO ® PU® [1€I3D U PIQLIDEIP #1 poylaws ay] ‘aiqers Ajreuonrpuosun MO[J ¥ PUT [FRISP UI PAQIIDEIP O] POYISWI Y] ‘IIqeis A[[ruonrpucdUN
uIYI ST YSTYM INq ‘0<% X0J PI[EA AJUO $1 YDIym IWIYds IDUIIIIIP uANP BY YIryM Inq ‘0<% 20} PI[RA A[UO S YIIYM FWIYDS IDUIIIJFIP
3jtuy jwidwy ue ur 38e522 1e suonenba Buruxaaod Iy Loy e tuy 1d1pdust ue uy 38edaa axe suonenba Sujuiasod sy LHMSYTP STR
WIAWNII 0  ‘Juswraxmbax snp surerdxa yorym paurzojiad sy siskjeue 113 oL * ambaa sty sureydxa yatym pawsojrad st sisieue
A31[1q®IS ¥ *213A38% AI3A 91 IV JO IZIS Y3 UO UOHIDNIISII Y} ‘IIAamoy AIIqEIS YV *323A38 AIIA ST 1T JO XIS FY) GO UONIVIISII Y} ‘IIAIMOY
% pue °d jo santea 19B1er i0g ITEIIP UT PASINOSIP IaiE NI IS “©r pue %4 jo sanea za8ie] 104 [TVIIP UY PISSTOSTP 2I¢ N[NSIX IVIY
‘sr9jaurexed 3y jo saBuex UTEIZID I0J PIVTEIGO IIE NI JUI[[IINT ‘w1pwesed 3y Jo saBues urelasd 105 pauUreIqo T INEIT JUI[[3OXT
“(£31907194 1dedwrr) 4 pue (882138 pPIa1A) ©: ‘(1019% Aitsoosta) O “(Aaooraa 1owduwit) A pue (swsa3s prah) ©: (1010w K3tmodea) O
s1ajowered Iyl Jo SIN[RA [R12A38 JOJ IPWU suoReE[NO[Ed L10jvio[dXa puw saajowered I JO SSN[EA (L1348 10] IPTUI sTUOHEMITED AIojerordxa pue
0602 WLl ¥ uo pawwrerBoxd usaq sey swIyde Yyl -3zodoy A1aaizend 060L WHI Q3 uo pawuresBoad usaq sey sWIYds Iyl .auomoy— Agzajzend
PuGdIg Iy} Ul pajuasaid sem [apow dRse[d-0d81A [RUOCISUIWITP-PWO puodag ) ur pewesaad sem tapows d>userd w
sapPnIeg CIA a3 Butuzaaod suonenba Iyl jo uonTINUIIO) 2JUIIFTP AUy IOIdXS UY IpuItd CjA ay1 Suruiaao® suonienba ay jo uonenUiIoy vuﬂo.—o.«:v 3:—@ ordxs uy
edwy A Pedwy A
0986 123foxd Al 3xodaix payisseroupn {€¥-19-NL 0986 Waload Al 1z20daz pagissedun {e¥-19-NL
€1.1-{5€9)80 Jv 3oexImOD I -0DdV) (£121-(5£9)80 IV "ON 19e1IU0D) (0986 193foxd DSIV) (961-¥12 €1L1-(SE9)80 AV I2eniu0D  “IIT -30dV) (€1L1-{5€9)80 IV 'ON 10e1w0D) (0986 122(0id DSIV) (96L-¥12
osdav ‘oN ‘829 QASW) 831q9®3 puw snyt [dur d pg 1961 1990320 ‘Asury a-L osdv *oN "33y GASW) #a1qw pue snqit dut d ¢ 1961 190130 “Asury ‘@l
‘393Uz punoan Futaold IV I £q 170day £(za1xend PITYL TICOW DILSVIJ-ODSIA ‘TVNOISNINIQ ‘393D punoin Jutaoig 1t I 4q 130doy Apza1rend PITUL TIAOW DILSVIJ-OISIA TVNOISNIWIG
‘acl ‘Asury T -EINO 40 NOLLVOILSTANI TVOIHININ TrueA(Asuusg ‘eresnig . "acy theury q -INO JO NOILVOILSIANI TVIIHIWNN erueajisuuad ‘eesnig
satndefoad fyporaazadiy 1 jo Bury ‘Azo1er0QeT $23ualdg Poeds ‘Auedwon d1a1031F [eIIUID sa1nd3foxd favoraazadiy | jo Bury *Aioreroqe s3duatdg oeds ‘Auedwion S1aIIITF [e1IUID
aILIISSVIONN av AITIISSVIONN qv
AIIIISSVTONN QILLISSVIOND
cua3tam Jureq APIUaxand st Yo1ym wexBoad suryoeia ayy 10 uIALS st Jawyd *ualitam Rureq AQuazand st WI1ym wesoad surydew Iyl 105 AP st Y
MOTJ ® PU® [1R]IP UI PAQIIISIP 1 pOYIawr YL °I[qeis A[[euonIpuodun MO ¥ PUT [ITIIP Ul PIQLIDNIP 61 PpOYIawt YL ‘I[qis A[[ruourpuocdun
uayl ST YITym Inq ‘o< JoJ pIreA ATuO ST YITYM FwIyYds 2DuUIIFIP uayy 8t YaTym Inq ‘0 <%r 10§ prrea Amuo ST YIrym Iwayde *DuIIFP
3y 3Hdwt ue ut 38ed9x 31e suonenba Suturasc® Iy Ao TG a1y ardusy ue uy 18edax axe suonenbs Suyurasod ayy LAymoyyrp sy
JUIAWNILTD 0 “IuRwIImbax sy surerdxa yorym pawzojiad s1 stsAreuw 12 01 ¥ amnbaz sup surerdxas yorym pawrojiad sy sisyeuw
A3T[IqeIS ¥ *2II438 AI3A €117 JO IZIS Y} UO UOHITIISIT YT ‘I2AamOY ANqns ¥ ‘222438 134 $1 17 JO ITIS PN UO UCKIDITIISII 2y ‘IdAPmMOY
% pue °d Jo sanfea zaBie[ Jog ‘[ITIIP UL PISENOETP I FY[NEII WY} % pue °d jo sanjua 1382e] 103 “[TeIIP UT PISSNONIP II® SIMEIL 282
tgx939wresed Iy3 jo safues ure31ad Ioj PaUTEIqO 1T BI[NSIX JUS[TIIXT (s1a39ureswd 23 jo 8aBuTL UTEIIID I0] PIUTEIQO T SI[NEIT JUI[[IOXT
(43190124 3oedui) OA pue (s8a139 PrIIA) O ‘(1015w AjrsoosTA) O (43190134 10edwiy) ©a pue (ssaa1s prah) O: ‘(1010w Ay1scoswa) O
s1vjowered ay; jo san[eA [RIIAIS I0] IpTW suoHE[NI[ed Li0jeIoidXa puw s13jawered 3 JO SAN[RA (L1248 JOJ IpTW suoneMO[Ed AIojeioidxa puw
060, WEI @3 uo powwreadoxd uasaq sey awayd>s ayl ‘3zoday Apaaizend 060L WEI 23 uo pawrurezBoad uaaq swy JwWwaYds YL -3rodey A[zajxend)
PuOIIg oY) UL pAIuIsaad sem [Ipow dse(d-0d$1A [eUOT PU0daS Y} Ut PAUINaId sem [apowr dNSR(d-0IITA [EUCTFUIWTY ~-IUO
s2PPNnIeg  CIA a3 Suruzsasod suonenbs Q) Jo CORE[NWIIO] IITIXIJIP MUY e-unﬁm!o uy sapdnIRd CIA ay3 Jururaacd suonienbda ayy Jo uonENWIO) IDUIIIN TP AUy IOIAX? Uy
pedwy A wedwy A
0986 ¥23foad “Al 1z0dax pagisserdun (e¥-19-N1 0986 3foad Al 130daa payrssedun {e¥-19-NL
€1L1-(5£9)80 AV eaiwod I -09dV) {£1L1-(5€9)80 IV ‘©N 19enu0d) (0986 329foxd DSIV) (96L-¥12 €121-(5£9)80 IV weawod  “ITI -99dV) {£1L1-(§€9)80 IV *ON 1dexucd) (0986 123foxd DSAV) (96L-¥12
o l-X 4 4 *oN *35Y¥ QASW) #21q9®3 pue st dut d B¢ (96 1990330 ‘Asury ‘a°L o8av *oN ‘398 QASW) se1qwni pue snyt [dut d bg (961 1990120 ‘Asury QL
‘193ua) punozn Sumoad v 1 4q 11049y A12933enD PAyL TIAOW IJILSV'Id-OISIA TYNOISNIANWIQ ‘191u3) punoin Sunold Ity 11 £q 110day Axa13end paryL TIAOW DILSVId-OISIA TVNOISNINWIA
‘a-y ‘Aeury T -INO JO NOILVOLLSTANI TVIIHAWNN etueafAsuuag ‘wrasnig ‘a1l ‘keuny [ -INO 4O NOILVOILSTANI TVOIHINWNN ®rueajhsuuag ‘ewsnid
sa1ndafoad fiworaazadiyg jo Sury ‘ArojeioqE] $90uswG 2deds ‘Auwdwo) 11T JeiduUIn sarndafoxd fiporaazsdiy -y Jo Bury ‘A10i1ez0qe] $30uaWS adeds ‘Auedwio) d11309F [eIdUID

a3 LJISSV'IONN

av

QIIJISSYVIDNN

av

e s BT M

e e e oS e Pl st e

doea b omaecn oo




